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Notion of a graph

1. A graph G = (V,E) consists of V , a nonempty set of vertices (or nodes) and E, a set of unordered
pairs of elements of V called edges.

Each edge has either one or two vertices associated with it, called its endpoints. The edge e =
{u, v} is called incident with the vertices u and v.

Two vertices u and v in G are called adjacent if {u, v} is an edge of G.

The degree of a vertex v, denoted deg(v), is the number of edges incident with it. (note: a loop
at a vertex contributes twice to the degree of that vertex.)

A graph in which each edge connects two different vertices and where no two edges connect the
same pair of vertices is called simple graph. Graphs that may have multiple edges connecting
the same vertices are called multigraphs.

2. A subgraph of a graph G = (V,E) is a graph G′ = (V ′, E′) where V ′ ⊆ V and E′ ⊆ E.

3. The union of two simple graphs G1 = (V1, E1) and G2 = (V2, E2), denoted as G1 ∪ G2, is the
simple graph with vertex set V1 ∪ V2 and edges E1 ∪ E2.

4. Theorem: Let G = (V,E) be a graph, then

2 · n(E) =
∑
v∈V

deg(v).

Note that this applies even if multiple edges and loops are present.

Question: How many edges are there in a graph with 10 vertices each of degree 6?

5. Graph representations

• By a picture

• By an adjacency list.

• Using an adjacency matrix: Suppose that a simple graph G = (V,E) with n vertices
{v1, v2, . . . , vn}. The adjacency matrix A = (aij) is the n× n zero-one matrix,

aij =

{
1 if {vi, vj} is an edge of G,
0 otherwise.

Note that A is symmetric.

• Using an incidence matrix: Suppose that a simple graph G = (V,E) with n vertices
{v1, v2, . . . , vn} and m edges e1, e2, . . . , em. The incidence matrix is an n×m matrix B = (bij),
where

bij =

{
1 when edge ej is incident with vi,
0 otherwise.
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6. Graph isomorphism

• Two simple graphs G1 = (V1, E1) and G2 = (V2, E2) are isomorphic if there is an one-to-one
and onto function f from V1 to V2 with the property that a and b in G1 are adjacent if and
only if f(a) and f(b) are adjacent in G2 for all a and b in V1. Such a function f is called an
isomorphism.

In other words, when two simple graphs are isomorphic, there is one-to-one correspondence
between vertices of the two graphs that preserves the adjacency relationship.

• Theorem: Simple graphs G1 and G2 are isomorphic if and only if for some orderings of their
vertices, their adjacency matrices are equal.

Remark: there is no efficient algorithm known to decide whether two simple graphs are
isomorphic. There are n! possible one-to-one correspondences. Most computer scientists
believe that no such algorithm exists. To show that two simple graphs are not isomorphic,
we can show that they do not share an invariant property that isomorphic simple graphs
must both have, such as the same number of vertices, edges, and degrees.

Special types of graphs

1. Complete graph Kn: a simple graph that contains exactly one edge between each pair of distinct
vertices.

Examples: K1, K2, K3, K4, K5

2. Cycle Cn with n ≥ 3: consists of n vertices v1, v2, . . . , vn and edges {v1, v2}, {v2, v3}, ...,
{vn−1, vn}, {vn, v1}.
Examples: C3, C4, C5

3. Wheel Wn with n ≥ 3: add an additional vertex to the cycle Cn and connect this new vertex to
each of the n vertices in Cn by new edges.

Examples: W3, W4, W5

4. n-cube Qn: has vertices representing the 2n bit strings of length n. Two vertices are adjacent if
and only if the bit strings that they represent differ one bit position.

Examples: Q1, Q2, Q3

5. Bipartite graph: a simple graph G is called bipartite if its vertex set V can be partitioned into
two disjoint nonempty sets V1 and V2 such that every edge connects a vertex in V1 and a vertex
in V2 (so that no edge in G connects either two vertices in V1 or two vertices in V2).

6. Complete bipartite graph Km,n: each vertex of V1 is connected to each vertex of V2.

Examples: K2,3, K3,3.

Theorem: A simple graph is bipartite if and only if it is possible to assign one of two different
colors to each vertex of the graph so that no two adjacent vertices are assigned the same color.
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