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BLACIK KEYS ARE VIEWED AS EXTENSIONS

Z{Ae qu':_[é: /(ty;r -ﬁag C,ﬁ

Cb -*One can Zhink 076 all /’-’alLlLEY'n: as Pazl‘i*evvz.r O-F
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.SCQZQSJ 7’7.‘:&0[_,’71‘/1 C/;aro/_f, 9/2‘7/_2024‘

Inversions ’ Key-c'héereui' (/)ora/-s‘/ e ®O0nc must know
Zhe W's and 'b's

. »Key b'oa;"i"’o[.““'“_"" of evexy m QJ'GY and

mirow_l_(sz‘

CABCDEF

o—tot | ¥ | ted | W [ ¥ .
o— o—
C D2 E FG A BC D =E
st _3rd__ . £tk 74k -
L4 3

z v b » CEG(3)cE

g |[®[#—§ —rots —& & DFAlClom

A B A A A

™ P o e o e EACKE
' AL BSR4 L R AW AN

B AcE(¢) 2 & v &% V 1§

- 3DF(A) & & = @« & ®

® Expansion possié le for 924N "",-'I»Bl- chords

#» Memorizetion of /@ai’féru.r is reduced fo £h e
seven motes C D, F 7, §/ A,jb’ (white ke-ﬁ_ 0h/7) .

P> Fach of Zhe letters €D, ... B simultameonsly +e -

yesents (s ”_Zféree havamonic Adefinctions e
c2/ichkccts .. 8273,8 B%,

& Cev«:éo/ev[—h; e certony modification s of LDELGCAR
via # o b’ fre?a[*reJ é/ a specifiec /«.7/ are inm—
dicoted i the keyboard ilurdvation by P Al
For H anod R ando Por b7 symbols, tnplyin, LlockKeys:

2 The seven k@y"c'%AEYl?%f— Aoriads and TV hovals
(I‘-Z/Z} are chown under £be A/e;éoavcé. For each
of Zhe shown Friads amd TY chovols, Zhe /ff 3”‘5
é‘ﬁ amod 7"’% notes ave imdd: cazltf/(-’)"efea Zlc'h}—zlée
Iffl g,.?(qu, 5£4 2r0ltEs om e oc.z‘.m/cf Ai’jé€y ﬁ:rﬁz’éjv_ey’n’o%s:
f ionrie - CEGB bEe3c 6BCES 3z .




e ?ef‘Ye.S'e'héa f(:a'n c]e 7fj 72‘1; ”'!f /3l6€Aon(: q,30/2021f

=B Ore can View Zhese Co'rn/:‘/e x__’_'jazz c/mv(/s"
as “stacks 01@3*'{5 " One stacks ln_aoz'ﬂ_/
amned mirov 3Yd5 N [ 2 fz)e vfoZ[uwl‘nJ} a %aJ'oV
37‘( C}"OVJ Fs called Mgvd or /1'/3 ov 55”7/0/7_/4_1/'

a mimor BNJCIIOVé( e Cclzewo{ 'h«.gn( ov '”’13 ov

5;%/:[7 o One cam USe a _ 'Ya._l;_ vepre-

SEh faf&om—. fo Ca/afure aZZ /)o,uc'.é'lt 'no'l.le .H.ZGCL\'.

DAEL MUsing C

L as woo £ n "fe,
#

.4 ”’L m I RN JONDN .
/Z..E‘-M ,.G_ B Bk « 9= CEGBDFA —Fo\/ exam/olc,

—— )2 =pessrble 13| one cam use
3 PN A T P
€ e the divected
7"r¢‘ac( B A 5/)0W
; -] &4 _graph ° L
- i 1 th here To Con
F ' B3% et ol
/oouc'é/(

chovds obtained 67 .r—éaa/czk;;, M.?""(_r conod ,,,,,3""(;,
The Tac'gure bmdicates FAhad seme possible
choices ave (uxua?ly) Mot conmsedeved { “20")
anod Zhat b écx Mot Samm eo/.:q-e‘e(7 clecr whether

C?v{q['n fAE’OYe f‘:_‘ca[ /Do_r.rr-"éc:/itzle.f ar €
/(AQVWOMZCaﬂy wecf’hfhg 7£“Z I (1’20)’
& T he Po_r_r:é/g_/oaz'%.r i Zhde direc Z‘e;(j-rq/)/?

TP/DYGICh'Z_Z_POJJG'A[c céarp(_s‘ J' ohr e o-ﬁl‘ew a/ae_r
mod (have £o) /3/47 all motes of very comp lex

cl-navo(-f. 746‘ b(‘ho/f"r /:’hea{ ’hoz‘e..r < Z%e jga/:/; A‘Jé-
[:j/n.‘ Zhe fact Lhat all motes of a keyj&fﬁ: ‘o 13%k,




® Major amel Minoy Scoles = q/30/202%
{/_;)e?ve.rc».zL WL’ZZ/I WA:'ZZE /(671 a»:[;_‘_ 'ﬂai§v and re-

latdcve matural

Mmineyr Scalég are
% N , shown.

A 4 1+

3% _

. ct AAI _ 4 4 1A
e ;AE i A A A |+
cf,fb) G—AL A A A Aj PAY A AI .AJ—
S Al A Axlal 4 AE
ﬁAl ;-—A Aaln Aalal A 4 (3
ol Aalal Aalwbnd 4,

Y
eG LA Vi Alalalalals ,—-A A
,Cl A | A l /\:_ A LA A LA 1T A1 A L

A 2 L. 2D - F. G A B E
aFxlnlalala AL LN

D | E . F B | € £ N
7,3 Ala Bs A LA N [ Ala A ik
¢, A "/\“& ALK HX I Al a J
Wlalabh B Iabh N [ala
o "Xﬂg A N A AN | AT
e‘ijhf A AN N A L AN AN | A M
soh nAl N AT B KAl

2 PrithfZe.’ AZZ ’majov qry.(/( MmiVror sceles avre ”C‘ooq.s":olere'o—:j”_
only Zhe metes COPEFGC AB. Key-oefined U and b’

are Zhouaht of" as '(m/q:{e-ketl—a::occ:a{eol ‘P“YiS./(v‘apT]‘e 'r"?““
i eoc Lol colored sumbels fo invdicate keys Zo be Pz“zeaﬁ
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P Plano keyéaay,[ -'/Vuwée'rea( k67: No. ofA'eyfa
E 1L X 3K I X3 I 4% I % ? I FE ¥ L %TI 3471241
&, i P & — ,.ﬂ_,:gs

" Clﬂ’ro"maézc 5(:.26': a‘no( 2{!6 oF Wiu'ge /3[4C/f }(97;:

1| 2]3]4

The lefi Zable

5“"6 7 l g |?' |'la// I/z

P EFFAGGEAANBC

lests Zhe ”_I_%

c Avowaéic .S‘Ca[e.r

CC*D FE F Ffré ¢f A A B

DHEFFG A B C | —usimgas ”
W E FFt G A NP c D note €, CH D ...
EFEFéEG ElA M B C D o* .A/.."-\_Hié./‘f

resultineg 12

FrAHC ot A MBC *o dE

F#: 6,’_ é_’#’A A# B - — JCaZCI Zeab[zlo

a symme e 22

"y . ]
binary matrix

66" A At

8 ¢c Mo E F F*

Telpre.rn.’t{c'h; Z%e

">

oogosececoO8ce

CPoe®copoPo®c
®Ccecogc@o®oo
oCPoOROSCO OO
®oppocec® co@®o

)
A.

Cav‘YE‘J‘/’o‘holeh; use of white (o
am o _black (.]/f"f' o dhe 4674""'
The left '-F)c?(rt‘ke Fllustrates

thes 12x 12 " madvis o{’/&az‘fc’rns./’

cgo#oco®@cc®cec

[XeN XN Xel-X X-X I-R

"’ C/zovc/ ”67.1(?:,__Vcewea( a-s

“"Se#s o-F/VofeS”.'
Oftemn [usua ?l/ Zhe lowest (/uj/ze.rz"} o te /o]a7e¥
serves as bass (melody) note with its s}DEaaZ fane-
Léon., Since Z4e motes in a setd? olo mot reflect

Cusecla; CEG-.B” C EG 8 specific /(e7: | Leflayea(,
bassmele (CEB*G | |ECBC | ane can "prohe“mot

(le,«?é)l Q@Egé G BCE nwe Cam pick mo e {rom
Iltf:,hVer.rwh:" _c_ G B¢ EF B C‘E_é Zhe bod Kb Jalicne albasr
'F‘ro'm Sei Q BAE G_:_ mote &y de-ﬁche l% Veysions ==
{C,t @235 _=C-...B$ ¢ £ 5?79& oh} out motes ints bo z}l“"r‘;;ds
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®Voice Leading £ Optinmization- 1o0f1f202%

If_ cSs. Pa.r.r;é/c zlo ,iu;re_ [ -\',‘t'h'f/e

1 3@ - mathemwatical J/a/;y'oagl. o
& dedermine a_good vois
o Gﬁ - e:nv_j_"_ whemn e:'i!aél.-;ég-..}
I % [6) a chovd progression Zhat
”‘l" :@: L &) gﬂ moyeées —_-Fvow c.ln‘ov—(/( 'Zorcwl;ow/(
,?- g @ ® g__ = (:’» cl,udh;nj chovd c‘hvev)_'iour).
- 3 The left f?;;é shows &

@m_. and G *jé? "clm,‘(; S root

T - 8 o 1t d 2" e sion
4 E;i—o Q\Q_ Po:f:‘ioh:’ C‘a'l[ew[c;!wq!'fz
2 D a7 .0 and G, G, G, ve:loe:z‘fvc[7.
g ey Ot T
9 g 50 o AU Chovds are shown Zwice,
& Showm “in Zwo different oc-
& Laves. " The goal is o de-
-5 G © o = - 9= | |,
& Aoermin e z‘f;i_/pqc?(:) off’q
-8 E S C and G major chord(s)
s%de pl SL.cL X 6 B gé?z,’fza;g_wzé /‘:s_‘/%féoi‘é@}f”
‘(”b j;f € E GG BD yoicingls)emindicated by
et GG G GG Ga the green arrows inthefigere.

TA e -Fc'yave. Séow.t fée ,?(875‘00)'0(_ ver ,{f':,Ca[(xAl ”,
uses ome line per mote én the [2-Zone

/
”c’m,o/JCeJ //. fov Zhbe deines (,WZ z‘/c...vo_éﬁu'nj{_

associoted with [one ofd Zhe € notes):

I x4 D 21 R AL 2 B 22 ey 16./, /12} [
_C°= (g)‘*‘ /,’g}, CIE{Z}+£/;22)) Cz =(L,2' sl /22:5 ,‘ .=-...",',,l) 0} l) =)

an o

Clvvowottc'_c 5757‘6144‘ _Q’ha{_ kses h TZG;PVJ'_.QJ'




.VOL;Ce Le::a(éhj & o}’l‘lﬂc’Zaonu ‘2- ___IO/H/ZOth

AL 2 l?)_ - Jrz) 23| 12 |
-ttt 1+, /1 =f1t ; =f[1 ; PET.
con ()54 5), 6o (i8] 4 ) =12 Jili) 7124

reprosemt “all porsible” Co, &) G and G0, G, 5
c/,-oV,/_;- ch. A Z[_ octaves. aVa,Z-,(é.lpz,é_ on £h e,Jt,,e?-
604-,0[_ (a'ho(f/ée/v Ghdll—) . %v, ex«nf/e/ z‘/zsjoa[

e

could be the "smoothest” ,rmoveJ,//orajreuronJ
(T-X) foen Cs -_-"( i ) Zo _one of the G chovds;
Loow C)of ) o ome of the & chardi;and from
E_,:-’-'(,_:f) Z£o =+ one of the &G chovds. »rTAércﬁke)
" eme._ mustd odefine a Simp le " Adisdarce !
-Fo,v_..,thro chord s =™ Lwo Fviads in Zhis scenario =
£o dedevmine a paiv- o £ C and G %7'01{1—:”1:

that ave "closest” 2o each other ) baved
r"

on emdividu ol # mote-to-note disrdances.
Foy Zwo Zviads N, NolNy ancd ayngms (with N:
anod my being Zheir motes) one canm define a
”Olc stam ce_,(,, as Zhe sum o-ﬁ.,_z‘/:e absolute valaes
O'f Covviespon o i Mo i’e-[JaZV Olt.fl[éhce.rj Ac..'—.re./
ddéstance =I./V,""'1¢ I +~l /Vz"‘hz/v +.I/V3: 73 l-) P_VZfV(
Zhe volues o€ Ni amo mc. ave_ the mote-
assjoccated éhi"e?c’r.r- Showsr én Zhe 19;? ure on
Zhe previous pag €. Fo, Zbe Zhree chovds. C;-;
T2i2, and Gy, J=912, 0ne can £hus Compu te 3x9=9
//c/t.rfa-ncg” Values Olz-'} — Ff ot a(eféhe___éée
MWlmir al—= distance chord G_J, for a gver
c/»onCI- , Thas , We ma s calcualate #he values

o dyy, diy and dyy (Jeon?) for 6,6, G asclefined

above,.




.V,OZCé L_eahj%hj_& ,0?£é‘hu°za£c'ou /0/11/2026‘

’Noi‘e. For a;g‘:Vf‘-’h- chov d (Co ov C‘ ov. Cz_) one
must Fivst determine Zhe closest chovd
(Go, G G2) = from #he set of all Zhe con-
€< c/rvea( G chovds ow Zle keyéoavd—- Zo be
able Zo ddedevrmine £)e smallesd valaes —'@ov 0/00
it (CorGo)) o= dirt(GG), . ela =
dist (C G;_) AJJ‘M%;P-; Abat ALhere c(ofc.z{'
& C/tOVp(J ave lmowwn on Zhe /(e7éoovo( Lov Zbe
.SPCc.;F,c c)qo\fd(.f C C amalc Oone Cahn _c_a;_[_:
culote Zhe valar 619 do,o 03 )dzg as deseribed

in 2hoe —(pl(ow,h;,.
=> Chorod=2o-chovd distdawces 0(-:}) , =0,/ 2:

(3], e(3) 5l 6-(3) ) ol?)

—>d,a—lo+5/+;¢/+//+l7 2| = s+5+5 =15
doy, O+ [+[4=-2[t]7-7] = t+2+0 = 3 MIN
o, = 0-2+]4-7 |+ [7-11] = 243%4 = ¢

'dl,o = 14"7 L'tl?- l‘l ’_1'{12-[9‘ = 3 +i 4+2 = ?
" = |4 +] '1_.*[,_7':2. !_-l' IlZ-7,l T S+ 5 eSS =5

oy, =42 |t 7=7]t |12l = 2+ 0+1=3 MK

!

D
]
—
T.‘;
Q.

dz,o-lv 7 [+ l1z-nl+]1g=14l = o+ u‘+2é'§_ MIN
6":3) dg, = 17=1 l+hz-w!+ll6-—m( =4 +2+3=19
Il dap = l'l-z lfhz-‘llﬂls ul =54 5+5 = 15
q] OPTIMAL:

o dqo do,a, OIOZ '5 3
S D=]dve dui dy,z|=| 15 3|
dyo day dag| | 3 TS

CoGilan7)(-137) ;
C,G: (4712(271)
G262 (71318 (7,18 141).
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One camn Sumwmarize Zhis -yen.-[z‘ as -Fa?/ow.r‘
l) Given the chord CEG’— o .r:‘ef.ro 4‘4..,{7
fhe closest Giviad ;5 BDG on ;-/e/o.r’ -4, 2 and 7.'
2) Given 2he chord EGE “on .r{e/o.r9‘ Zant 12"
Zhe clocest Géviad :3@3 j .r-:‘elo.rz 7 a-ha[l/
3) Given the chovol GCE "o .r:‘e/a.r 7 12 andd lé' .
Zhe clocest & chovdis 8D .. .r-t‘elof 7 Al and 4.
w: The Zhrvee calculated .s‘wa?)e:f-'c/aorol-
=distance. paivs CEG - RDF; FEC-DEB
and GCE — GBD all have #he same mi-
Miwmal chord-to=chord (bheve, triad=¢o =
ctriad ) distancelD. ln other words,

”

these Zbhree pacrs have a summed «
mote-to-mote cdistarce of ohl; Blml-ffone.f.
® As mentioned ‘)eor a jcVe’h Zriadd N Mo Nz
one mu :z‘ in a /wre -sz‘e/;l Aetevmine Zhe
ey (o 2he kc’?éoavo(jm mo ns T
Zhe set of Mo cdave-shefted versions o mmyMz .
One has the Pixedd’ Zriod ) amd ome mustd Ade-

Zermine fée/q Var,aéle"z['rcaf/( ) / )z‘l;a

has mimimal Adist arce. -{’va% Zb e »f’xfo( zly wd.
Agam«\/ N:and m; are. w\{ezev.t ("rcf‘re.rf». £m] ow%u)
and Zbhe value oﬁdﬁb_c.r Ahe value #o be o/ofm«a//j/
calewlated, ONE CAN VIEW THE AVE£A5E£4/+A4+MEIZ3
AS " THE MIBPO/NT " OF THE W)(ffg?'xm( 2). THE

AVERAGE OF THE VARIABLETRIAD ,1215,’22 IS THE
119 Potn T futm, +u5)f3 +12]. ONE MUST DETERMINE .
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®Voice LEac/haj R OffﬁnJZa Z;01

Thu_s‘ , onée o/ez‘erwzme: é;'e/&'h_alotl'z'wal Va/uc

Lq;. _. ’WIL'O'IZ%Z‘chJ fée céay,{—fo-,_/,oyl{—
fv;aa( 2o -Zvicd == c/z_rzzance ,Vey, at

(/V +,v&+/y3_)/3 ~ (gt tm3) /3 +12;) = (M ””'l"’zJ

Heve , M= (N + M. f/"g)/f om = (mytp tm3)/3 and {27191,
Tl»ere-(-oove Zhe ?Oal cr Zo fmovel or Tsbif2" é/zf
Variable ehordd by an integer—mmultiplc o £12
(12 halftones ). MORE PRECISELY, ONE MusT DE-
TERMINE THE /NTEGER J FROM THE FImMITE

O THAT pMINIMIZES THE
‘. e, THE

.57:7— {)n ’2"[ /4 ,,.
AR SoLuTE VALuE oF (M- %]-—IZJ

VALug oF [(M- 'm)—'2 [ = | a- 1201_1 where
A= Moom (o Zhe chow(s mid point Adistance.

: 7 14 12
=52 ‘thea( C"Iot'a(-( ) vaviable chord= (“)*J )

=> (N, N, N3)=(0,47), (7+12,I/+12J,/4+/zj/
> M= (0+‘f+7l/3"“/3, m=3%y
= -7

= A= W3 = 3%3 =~2l;
’ o | I OPTIMHAL:

"shifting | G -2 |~
M T Wa-zpl | FTe2a |11 +2) | -7 200 [-7-124| =+ = -]
on keyéoard” 4 =17 =5 | = 7 = }q —f —

_> G:(. Vemn élve C° Cl‘)oro'(( ) (E) fllf

clo:c.rfG‘ clqava( (H}‘I'J, /llf _:r z‘%(
A /D

chera (F)-0(5) < (2)2 (8)

=> TAQ rvesu Zéih? Aistance between Co Q'WZ&O
is flere‘/)ore doja-=10+5-l+“f‘”"*'7“"2“’: 15,
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.VOZCQ_LQGJZu; & oféihZZafé_o_q

*Note. Thes “meathematically formalizecl” methoel
For shi f{uqq a givem quaé/e céom«{’éy octaves
on Zhe /(c7£oar6( LJ‘_/)raczlccA/{/ 54‘»»-:/0/: Fov
exa%f(e} Zie 88—/(.: Z{e7éoar¢( can have b ¢
asioccated hallftove fnu'».éerz»,j of /{e7_,_r_ ar
Ao-.—-s?/...lcn-sg C2=-24,.,663=-1..
c4=0,., c5=12.. Cé 24, .., c7 35 Cc?‘%’
/'hd@ea/ Lhés Wh%ét'vch /thé/f)(ch 019 G‘([ half~-
Zones ve-{’eu 2o 88 motess 48— (37) +1=§§.

Since z‘ée /(cyéom»( /;a.r on!( J‘errh Co%-/olczlc

0cz‘ave_f, On e Can /€QJ¢/7 Jeeé t’AC CAOV// <

q—obzl/ /% coversion ov 2" in veesion /pochlcou 2ba
is closest 4o a ?[vea—. c/""”( — at leart 74001/
.S('m/o/e chord /omVJ Like Zvcad pacrLa

® Note., /n order Zo calculate a o/hrz.laace/,-ﬁw
Zwo chovds chd and eh2 Lhat do mot con~
scet of £be same muwmber of ’hoz’-eﬂ one
mu st _genevalize Zhe concepts desevcbed above,

For exmmlalej we Use Q 7“1' chov A and a f'rcaé(

?2:5) (,o) —ﬁ-(éb)l ?I;Z)-:(;‘;):(é} One can

C

cowPu'l'c a distance clm_ (-fvom chl Ao c/'Z
and a distance dz‘ "Frow. ch2 #o VA 67
deterwinin 2, Zhe closeid mote cn ch 2_(c/..i)
Lov 6 mote 1 b l(cb2). U:#"}z‘éc S‘z‘e/:‘.f)
ome oblains dy,=(S+I+2+1)f% = Uy ane

2' :(“f‘ l+2.)[3 ‘.‘4/3 -Movwazczghy on z{'/7é nos.
O-ﬁ"?ﬂl"e-ft




®Vorce L eacling & Optimization =7- 10[12/2024

7'/4“:/ on e couzo/_loo.r.u'él] use Zhe ("VC”"‘)")
o =( = (Y +43)12= %%,

Value = dLE_-'.dz‘)/z- Vg +T/3 )42 =

as C."qovo("éd"c/roro( ol"-f‘{ﬁ"tfl éalr/ o fét

éin dividual chordmotle — 4o~ chordmnote olistances.

Heve’ Z2be valué 4‘%4 can be éh{rrfrcfc‘a( afl

on avevase halfidore Aiitance o € Less £has 2.

@® SMOOTHEST PROGRESSIoN OF THE EICHT
TRIADS DEFINING PACHELBEL'S C€ANON.
Thes progresiion in Zbe /\'67 of D Mmagov uses
£h e ?vo?re.méoaq I“Y“Vc'-&'c'—E"I‘E'I.
The Zviaods éin voot Ico.r;z’zoh are given ad
DF*A, ncfE, 3oF% #*A ¢ GBD, DF*A, GBD

an o F?C#E_ Onre can mow ask 24 e -ﬁol(ow:n
/7

II.
cowbihafovtaz o/oz‘:w«IZaz‘zo». ?Me-f'{l.ou- COHJ':"

o/e'rzm? z‘ln‘.r clvoro( frog_'?e.f.ffa‘hl Wl)a{ s z‘/»e
oFft'waz S‘c?arwce 019 /’O:Zz‘Zoh.r('roof')l'rféh"
VerJion o7 2“'{ chversScon Po.fc.'zllou_{) Zlo Ac

'MJEG( when P(47£h;, f/'uf.r /D'Yo;:rj.lu'oh Zo 7"“/’(

ct ,/.S'ou-na(_g/:{ihqll] somooth ¢n a harmoncc
sense .2 @eowe{r:“u?‘} one Can understand

Zhe Zhree positions of a Zriad as Zhrec points
in 2D space (HIZH?, ar coovddivetes Zhe boalfdont
mq%bn.r/é»a/:ce: cecred aéo\/e)_ Ofi_?_z. Zbhe conm~
bina z‘ov[ca((? /;o.u;é/( way S to eydadlrid Zriad
PoJc'{t'ObJ (’rc/ore./n.fe% via peih ts _‘__';_'g‘D;YF_fiQ}

6me must deteramine Zhe ” srocthest /0017/;4.3 l2

_'?JD SP&(C ” eoho-.ez_{'ih? 8 lgri‘al po[h f.S’. ”9OPT,MEL
- voircinG?
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One cam view Zhe ?'raé/ean "F dederminids
an _P£¢wa[ V0¢C¢hj O'pfﬁe c—’/wrﬁ(/zl‘nao{ Se -
uence L - Y-ve-¢¢ ""ﬂ_ I".Z['I fn 2he
ke7 o F‘j) 'rhaJor o ?acﬁelée/.r Canon as
a problem of a/e‘z‘er—mmm} Lhe besd POJ¢/¢ob_{
(froo{: |5€.nversion ev 2" d snversion fo.r‘-leo»..r}
.For Qac.lv of Zbe & M afor avd miney chovds/
Zviads whem Pla ed i Zhe Aefived aro/er/-f'e“
guence. Wb en (.j'horahj Zbe .s'/oecc,l’tc oclavers
fo be wsed -{-aav />/47LM] Zhe Zr ads dh} £) e
auﬂoh sete” for £4 € Loiads énvolved are:

<42 2) ()7, T-4(B) ) E))
I(EI I 1) ) B 2
- (3] (f) )} = T

>1={2,0, 0,1 Y={H, H, 1 yc-féc,,/, 6.t
“‘—;Polfl]f#} H ZFG: @ @f L=.. E’ I_"
FurZhev, one can se? @""3# =9 — a'n.;( asseo~-
celele cthEJeYJ'/f-ho/cCe.r weth 24 e notes ter a.ﬁQZK
Zriads (L(.S'chjl as done aéave Zhe definetion Céf-_a)
T/zu.f all zzfnac/.r can be TP esch z"Eo/ Via chzlejcv vecZovs:

r-{12)(3) (2)1 =L (8) (R) (5
| () (8) GG, f/’g)/ ),/2' ,.

WQ papersnake.com
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TP:

34
":<"2<"3z~_

o

.
o 23 26 N

.Voice Leaalinj %_Ofl‘hm'zaf;%_: '-q— IO/I.?/ZOZ-Q'-

{/‘f 9 23) - .
- {{3] () (s 7o 2

Based on Zhis specific rnoz‘e—’numéer(:njl
Zbhe lowest mote ('huméer} is DY (-‘2‘2/0‘”0(
£le Lz;l,enf not e (muwéer)z.r.Dg/? 28) =

c'.e.) Lbhese Zoiade and Zheiv Zhree /oo.r[r,l‘c'ahf
ave all viewed in Zhe interval $17""$6} de-

"Ff:nih 2 octaves.
N rg j

. One can 're,ore.rehf' the Lhree
26 A7 m)pose 2ions of the (.regueuce of)
ﬂ)-n
>

B f)
5 3

‘ea.'ghi— Eoiads as ”/;oznf_r” i

a 3:0 SPace) uszh? t‘}rree th‘eJey

Coovolinate ares my, ng arnd g for
Zhe Lhvee stacked motes of a Zviad ('r:vnz,hgl'r
weth m, 685”} Zhe Lowest and 1y éeihj the /,‘:;Ae:é
fnofe} see above fcyuve. A /Doihi_‘_ﬂiz.r Ahus

a ”%,o"z‘e-/aozhéwv'&z 24 Ac'n'z/eié’r_ coor d inates my,
vy and g i P =(myne,n:)7. Since the con-
Sc'a/erec(_fro}rc.r.re‘on conscrds 01&_56';41! z/r¢'a¢/,r,
£)e /)ro;re.uioa. can be éJau;"'f o,e ars QM¢
LINE CONNECTING EICHT “NorE-pomnrs?
(VERTICES) Pz ) PRI Poi) [Pizc) PR) PT)
Pz d‘nafﬂ ~ ZACH OF THESE EICHT P6INS
1S A PoinT THAT REPRESENTS ONE of THREE
TRIAD PostTioNS . Thevefore, Lhe mumber of
fo.r.rzéle E-vertdex Fa(«, i es &S 3e= 656/.

THE/AN OPTIMAL TRIAD PROGRESSIoN (PoLy-

LivE) MINIMIZESOVERALL NOTE-TO-NOTE MOVES,




T10= 0/ 14 )2024

®Voice Lanlinj R Ofl"('h!c’Zdé(:oh

2
'\h Ah3 ~ .'7)0 ,“.Di} @2- I

o= < Ao 7. A_u A X
o——+& b, 4 b,y é_z vi
O--=-- © *;J‘F#twfﬁ iic
Q--=-= © Go i G,[ G.?_ E

The left .,P;jaye wse s
a_?oavalze(—coovo(zha-%ex
visualization for Zhe
Lhvee nodes of all triads,
Coh.r{c/em‘h; all Zhree
Po cidions for each £riad.
Geometv: cau?, e must
dedevmine ¢ set O’Fff?lﬁl_
.Po/7 livves ;, Satis 'F7¢'h} Zhe

736'!70.2/62 COOYo/( Af £ V'...
Sualization o-F:ZZ :ln‘a:[;, Pachelbel 7"0;1/&“[0»'1}{_'{:—2[

M e me2€d Z2he value of #,

i
Phhrove %n—.’t‘! 6# ’hoz‘ei.

SU P a-\[> all ”u/o, and o{ow;—,
< Cowfufazlc«o:ad[ Q/>/Draac_/n ano(

Ore can e'm/;Zo
caleulale £his S 0‘7[) neote Mmove rtn s 'f_o_’, ZLAC

656, Po.rfc_'é'/,‘zz;e_f Zo G/C’Zlc’r‘hn_’k,e Zée/ac—,

b/ozla%az iy‘“/fYOZYeJJ: 0h .
H £1-¢.acl F?o‘?ve.ﬂcoh (,h fﬁe 'hvpola!/cna-@ D‘/’ DS‘J

NI n’hAS‘
w BB FIEF 5] Soncstarscecn,
faro?ve:uah on[«, uses

A
halfEons
v U H T L1 eyt

dfj{auce_(
Note -to-note halftone Sz‘ep: (E =21). Note olistances are ‘-52




.Voice Lf“"‘l""j £ Offc'»u'zall;'o;, ~H- /O//#/ZOZ%
Zelody notes” The Left foure

Sloow’x fée CADI("}?
9"2{74:6-5/ ;)To—
AC gression #het

(L HG_

e

Tglpre.!e’nil.r {é(
paclielécz;mwv

jo’e.r-r[ow . Aja;n/

Iz YO VZO L't'(:,E, IzE, Y/
D, Fobo i 6, 2,6 A,

£bhes selection o7£ S Lviods == with all Ariad

motes (v aw octave-—interval H':q -— Z:J’kIZL
ox e o-{? 656/ i)o.r.n’é[/i ’f[f!, 1t c5 not c/é’arj c‘.é‘y
c:zz AQI 'hoté éee‘rr Cow/oln%a‘/ftﬂ‘ra/// alellt’*%zweo(‘,

WAezf[,-ey Zbir _F/?eclf-,fic g“z‘r[aa(/avo;reﬂ;oh ch

2} e /(e7 o £ D M ajor s o/oz‘z’—mal in Zhe sewse
°-|€ Ae:z‘—/)o.u;$/e Voice /c’aa/:h;/ 'ne?Verzf/;e/eJJj

/,
one Caan /.{ee// Z{Aa{ d// 7402,‘6"‘¥0"hoilt° WOV(mrbf;

when ?'Yojv er.r:'h; fyow z[w'a/ 'z/o Zriad are Ver7
57»&2[, 5.6’.1 LJese Zban 3 halftowe -"'/f/’_ﬁ('?eo(

Line seqments cmmecfc'h; %azfe.r}.

./Vofe_ TAe P’Toj?‘e.(-f;()‘h .S'Aow'n aLovc cnvolves
a Zotal of 27 halffoune :{e/p.r (u.u'h?, /Do.u‘A'vc;

Gé.{'clu{e Value.r O'F' ‘IP- a‘ha{ JOW“%OVeMcu{'J

o:—.l}}, Scnce Zhis /Dro;re.r.u'o» t.'hVolve_c_.?_!_
(=-" 7"3) ‘holle“fo-‘hozle %ovt%rull-; 2.14: QVC"QJ(
'h:lcVe’lMeué Py ;Z/Zl —_ 9/7 = ’2/7 r:fef-r.]o

& 19 -
Allerna - 2\[E[ig] ===~ E LI l V" The leff «{’zjave /Q—rovio(e.! a
Zive for etz ] s==== |8 il X ) Y,
SI)OWC."j- Fo) g Z. e me = % Z ko VlSClQlLZ& L Oh a-ﬁ C")«nqy, Gn
MoV e e t: clo € min, foiade, (v elu Jcn} all
S‘f“f_{i{ =C @ =€ positions (0,1,2) and nofe numbers,




®Voice Leaa&'ng & O/ofa.'m:zafl:oh ~f2- /0/’4‘/-202{7‘

{ o Note. One can eh/p/c>7 REAL = valued wiimization
me thods o detevmine closes? /’fafc fuu-./'o-{) a
Zriad (= Zbe octave cw wheeh o2 ¢J/>/a7€e(/z‘a
a_ u/e% fa sed P Lo iad, This is a .r/oecc. ‘e @xaw/ole

___(E ()/__L"‘ (4)+ ,:J (@)

>0Me '»mnf- a/cfe.r'»uhe z‘ée;-vélae Lha
omoves! Go as close as />oﬂr47t Zo C, .
=S Use fhe # $tm Oﬁxguaveo/ rote-to—note
o .F.leerence:, amod Mminimize cZ2
o? = (14+125- /+(II+IZJ -4) +(7'”2J -6) ¢
=3 (‘7+12 p i I‘n‘7+5‘0#01 "'432]
= (d2)! = So4 +9.;4j-=o >i==W2 .
Onre a{ez‘emmhe.r e (.n;o,ecl) u—:z‘e?er .
2hat &5 closest z‘o j"‘-7/,z.; =/ . f/aw:l-Z,j:——I
> ThHe Go clioral/z('rf-aa( closest 2o Co as
cvew s Zbe Zréad GOP{- @0 (-[}:

( )+ () (%)= (8] - <

» One can thc ralize éég.r metho /7@»— arbi z!"rnr/ Zriads?
chil= (A/.) . chzg +/2) >dz Z’(m-/}f +12)2

=, "‘(AZ"'A +2,%) 24 (n,+a '*Az)g +4‘32J_ ) Assneme

>(c/2)'_. 24 (a, +A,+A?_)+5’(4j 0 96(, (a+4,+A2231
By dE',Pt'hc‘h? A=z Ap+a,tAz ), one obtains Fhe
_/ﬂhwal f vealae a.r?-— ~BRs . For the above

exd'm]oZe 2his value is Zbhe value —(7-0+I- g+ 1%4=T)/ 36
=72, f




@ \oice Lanlc'uj X Olof'a'om'zai‘:ou 10/15[/2024

{'/VOLLQ. AnaZOjou.r[7l onre Can Ucse QEA/-"VGZMe
'm::'no'%«.‘Zaz‘[ou Zo c/ez‘eywz;—,e fhe closest /}Do—
Sc'zl‘x—'O‘n ”01(’ Z(Afvce Z"ra'a&[! - {Ae 794')"!7_‘ zz‘n:a:/éeﬂ?
hf[)(ed” ancl {48 J’(_’Coho/ é'ha( {42)’0( Z/Vo"aaf.{ ée;’h?
(,%°V¢ éle “ A7 oc{'a\/e.{', TAC Z/ATCC {')’;ao/f are ¢

a b, +124 e, t 12k

cl,i:(a,z) - chl= 5,14-/2;)/. if'i’(“zi;gf) .

@, b, +124 i co

Feor examp 1(, one canr add Zhe /_s'af;n: O"Ffﬁz«areo(

mede-Zdo-mote differences " for chd and chZ
am el for ch2 and cb3 anecd miniwmeze 2L 2
d‘zz :.-_Z'zio fb,: ~a; t /ZJ’IZ:- 2'}:_?0 {a,; —r-/z/-) <=
= (uoz-l-a‘a-f-u,_z}f'.zfl-(uo-f'u‘-fuz)j + 432]’2 Iy
dzgz' = Ezi, ( cs=b; +12 (k-j/} = Zfo { v; +12 (k-//} £
= (voirv 22 ) + 24(vo+rity, ) thef) 432 G5 2
= (yoz+y,?+yz2) + 24 (VO"'VH‘Yz)(k-j] +432 (kZ-ij-l-jZ),

= d:zz . Co”,,_'f'zlt‘uj + 4321' = ;

dz; = (ONz3 T 24y {k-—j) 432 (k- ZkJ' -r-az‘e) R
DD = tdes= con +24(u-v]j+24vk
1-954";%432/«2’-3;#@- i

=>—-/3f-‘25 24 (u-v] + 17287 - 36’4‘4‘_-‘.;5'_9.
Yo D= 24 v = J64jt §E4KZ O
= The ‘{?oZZow.-:uf lenear f7rfe4n murd be rolved?
72J’—3€/< = peu and 3(;’—3(/(: VvV &>
& 2i-k= (v-ul/36 and_f-k=v/3&.
=->__4=-u/36/ k=e(utvl)/36.
=.>__}= Rouny2d &1 / K: Rounvd ‘ﬂ‘ - (ngflaor,
- b, +127 C2 +A'12)

= ch2, =(, .- ch3, ""'( K
2 A 6,, :/2}} it L2 f’: Sy s

»
papersnake.com
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& Vg;ce LEGOIZ'"} & o,.):fc'm{za{“ou

Exam/ale We Coh.}‘Lo/e‘b- {4@ 3"'le< aa//o"ro;reﬂ‘[on
Co (I) , 6o (Y] and % Fo (IZ) in e key o f Ct

G 14 +41§ o +12k
vz (f(] 2B o) s (5
7 +i2 -T+I2k

C
D U= uptu, +uy = (7-0)+(11-4+(14-7) = 21
V = Votv,+ v, = (-7 7)+(-3-1)+(0=14) = 42

, 2 g z-u/38 =-21/36=~Y2 = [ =~1 = 7]
= —(urv)]36= 21/36=T/12 > K= O = L]
/\ N/ 1412 /c) {o +Q) (ZQ)

pr 4
a => Cllzopé‘(g) /_’/_:g} /_) ch3, -3+0 "'3

~7+0Q

Co g S¢hce l/‘ c,-;a-ra(/4 f'}w acl P ;re.ﬂf;oa—p.r are ‘zl‘e

Go Fo 'mo.r'f Co'h-woh[ used Projre-f-ho'h-?/ we SummariZe

é/:e ?EAL" Va Zae 'mzn:'mtz.az‘:an Sfeff ')eor ‘/‘ f’h"alf:

clz_’l-/a,) chl= //f:;;z]) s ch3= 6,2:/122;() - ch4= /:/{Z—tllzzf_‘) .
J ; / cotl2K ldo # 12 £
>a/ ~(uf+u, +ul) # 24 (u, +u,+uz}1 +4~32J

: (votvievst |+ 24 g vy +v, ) (k-5) + 432 (k <7}

= (wltwSws )+ 24 (wo+w, *Wz)/,é-k +432(4-k)°.

-.>.’D o frdy vyl = CON +24[uf +v (k-f] +w (£- k))
+ 432 (j + (k- le-f- (,é-hlz)
= CON +24 ( (umv )} +ly-w)k +w k| +432(2i "+ 21500 -2k -2k2)

9/9 D= 24 (u-vJ+l729} Sk k Z
Q/au D= 24 (v-w) - Pb44 + 1729k - 9{41é
Yoe D = 24 w - b4k +y;41__

= The resu Zz‘zwj linear Sy.rz‘en, Zo be solved &5 2
23:"/("/1/-“}/35 an ol 'j-f-Zk’j'(w—v)/.?{ and —/{-I-j': -w/324

?j--u[36/k=-—(u+v)[3é L=—(utvewll36
=N L= Rounslitl; K—WOW/?D[IJ L=Roun~vnd f&] .




_,5-
.V0¢'c8 leaali‘ngfa/olzc’nizaféou /0/’5_/202‘1
. K

-EXG‘V»/JZ€7 We covside, 2148 7F°//owru2, /OYo;veJJZOh :
» 4+12] O tizk 4 /21. dotliL
Cc; ( J G /”wz ) o= /3-1'-[2/()/' aoa-(o) 121. .sz
71‘]2} / 7+12K I S 122 -H?L

=>u=2 ;v=-42. w=(=3+7)+(0+3)+(%~-0) =1

=> f = =20[36=="p2; k= ~(21-4D[56 =1z ;
P==(21-42+10)136= 5418 .

> F==1 j K=0; L=0 (J=L7adi keI Ak sl

'l (Z},_:,L __5_) raeef8) e (8).

e 4

Thes ‘/‘ Zriad Fro?-re.r.hoz., of +oo-£-—/>o.c,«£ %
triads C'maj J @%aj-}?'q«m Camed @ min. (S
3;,1"474,4.[. T he 2odal sum o-F__uP.. and ofowr =
moyvemwents of cwye_rlpoho(;z? motes of driad
s eZJ/;éor,( ’/‘i: Zhe Fvo;vdffo&' T-Y-IV -wvé <=

')’Hin[’n—aaz (COH%‘L‘f'h] uP- and doW”'%uVrmﬂ?‘J’ o-f
Zue.x) }

mote.s ﬁ?wa7: as absslute —mot Ir‘jhed—-va

® MNote. One can use this method for oleter -
m.,q—...oa} £hbe ”o/oz‘c"mal “ S —-Zriad fVOJ're:.u"on
Zreated as an o/oi‘f_'maz Velce Zeaa(u.i/oroé/em
as —FoZZono )Tée Lered friad s ytth ik a
fixed /ocazlcoh (:.‘h *rooffo.r.{,oh ov i 1 Ear 274
Lth’Y.fco’h) The other T £viads are  Fivenin
£be ov/rr fée shovld be _pls 7::// Co*n.rm(rnhj,
all gzé-ree poifs 6/: P6 e "fioms ﬁv all P Zriods.

». Tba.r Zhe rumber a'é fo.rué/r z‘r:aa(/oecéx s
37 -2!87 2) For each of Fhese ZURT possibils-

f; ésLy one Gle‘t"t'vw;he.r féc o,:z‘: mal DcéaVe'/;/a(erhé“
_l The 66:{‘ of hese _9/:214%01(7 /J/acea/ Lriads wins.,




.,VOZCe Leaa(a"n? & 0/22‘4'”:{201"4'0;, ot /0/17/2024‘-
®lssue: &, P

Mmoo o Note, CORRECTION. Wher defining £he oi-
zats o o-f _s{ance wEeasLur @ ({o be %Zw’vmzea() ov a 3-tfried
Suam 6602[ (4‘ fvbad} zl.frcao( P'YO/?YE.{ILOM Gs ofc.rcuuro( oue
possi ble - ¢

ey must CONSIDER AlLL 3 {6) Pau/BzE T)?IAD
friod di- PAIR ID/JTA/vcfr (,,e,/ o2, 0{( am ol ooy >

Slavees (o}, dys%, o)y, a/u,c/z,, and c3,° Z), Thas, for

Vs,

mf,,,;%;_ 7548 3 zé'r..aa( Yo;'re..ffcob WLM&WLZ‘J»{;.OH Wwe al:o Caul
Zazlio»:f?of ”'mu.SIL uje cj‘g -—z ({C"‘_ -Q/r )+’Zl(} -—Z (w -/-IZ")
Sum o

i od~fo- The /DfoPer-/;_—GX/;'aﬁo/t’c/ ex pr esrion For D becones:
merd—drid D2z o+ ol t dlys = CON +24(u-v)y #24 (v4w) k
oistan ces I +m;, + $644k2 - 8644 k
(.sl'hce c/,gzz (w+w?ew) 124 (wotw,+ wo) bk +432 k2
= CoN *+24wk +1f;2k2) A
%} = 24 (u-v]+1728; — 864 K Lo
ok D = 24 (viw]- 8541' +728 k 2 0 .
=>The vesulting Livear Sy Lewm fZo be solved E5°
(u-v) +727=36k=0 A~ frew]=3€;+12k=0
S 2i-k=(v-ulf36 A j=2k=(r+nw)]36 .
> 7he (veal ~valued ) selution Zo Zhis S/v.rzzem PR
jf = (= 2u +v~w) /108 ) k= (-u-v=2w)]128.

JE‘F;' EXowlale thh ‘Z‘l»e zlérec zlrzaal_(
34-12//, [See/p,illf//f))

C ( ) 1l +12
7 +12 7+/21/

z‘/ze addd:diowal palue w=(T7-0)+ (-3- )+ (-3-4)4(0-7) = =2/
(eao/S Zo Zhe mew valee -fooera'%//( /(
= (_(_‘;Z 4‘2""2/)//05}—'— }- ("2/+4‘Z+42 /Iot?—-(z

g-> T =RoUND (%) =1, K= Rourd (%,2)=13> G2 ( ;)
or:b=L"7i2d==1; K= L7/u..‘ =OD>G6,= {-s'-x, z'["r -(-7@,0).

O +12K




