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Why use NEMS ??!

!  Alternate:  superconducting systems (Josephson junctions)!

!  Need low temperatures ( below TC , typ. few K )!

!  Difficult to track multi-GHz dynamics;  !

h/2e = 484 MHz/µV  (Vthresh typ. 10’s of µV)!

!  Voltages (µV-scale) are a complete mismatch for !

conventional electronics (V-scale; cannot embed)!

!  Solely permits realization of rotators (phase oscillators)!

!  NEMS  (! ! )!
!  Ultralow intrinsic dissipation high Q resonators!

!  Completely controllable:  frequency,  intrinsic nonlinearity,  dissipation!

!  Straightforward to track fast system dynamics (1-1000 MHz)!

!  Easy to controllably couple; can realize extremely large ensembles!

!  Complete freedom to design arbitrary array architecture!

!  Co-integration with CMOS in progress;  gain, feedback  oscillators!

!  Ability to transition from classical to quantum dynamics (…need to cool to millikelvin temperatures)!

!  Alternate:  analog electronics!

!  Ultralow dissipation tunable elements unavailable!

!  Simple, controllable nonlinear anharmonic response unavailable!

!  Difficult to achieve fast, tunable response:  witness MEMS oscillators!

!



Structure and function of interdependent networks

Each network is a complex system with emergent behaviors



Behaviors not predicted a priori from the constituent equations of 
motion. 

Synchronization and 
pattern formation. 

Phase transitions
“Tipping points”

Cascading failures. 

What are emergent collective behaviors? 



A power-law distribution is 
a “scale-free” network

Statistical physics approach to networks

Start with a “random graph”



Calculating properties of the random graph

Caveat: 
Requires 
locally tree-
like structure

Criteria for giant component



Properties of the random graph



Achievements of random graphs

• Epidemic threshold can approach zero!

• Critical thresholds for cascades

• Diffusion and spreading 

• Opinion dynamics, voter models, etc

• Percolation and extent of
connectivity 

• Epidemic spreading 



• Non-trivial network structure, “complex networks”:
• Broad-scale degree distributions, 

• Simple nodes/edges (e.g., often binary state)

Statistical physics of networks

• Thermodynamic limit N → ∞
• Equilibrium / Steady-state behavior
• Ensemble properties 

• Clustering/
triangular closure 

• Community structure 

• Small-worlds



Origin of emergent collective behaviors?

In the network structure?

In the nodal dynamics?

In both? 

Where is the complexity? 



Statistical 
Physics 

Control theory and 
non-linear dynamics

Real-world systems have both complex nodes and complex coupling 

Complex networks with complex nodes

Thank you to the MURI team 





final desired 
state

(Image Y.-Y. Liu)

Classic feedback control theory

Control:   Drive the system from any initial starting configuration 

to any specified end configuration in finite time.  

Feedback control paradigm: 



• Millions of degrees of freedom
• Full control is not feasible 
• Full knowledge may not be 

• Self-organizing systems
• Distributed control
• Cascading failures – SOC and DKs are prevalent 
• Unanticipated response to interventions

       e.g., Noel, Brummitt, RD., Phys. Rev. Lett. 111 (2013)

Classic control tools are not enough 

Network control



• Every degree of freedom?

 

• Macroscopic or microscopic details? E.g., 

– How many people are infected (macroscopic)

– Which particular people are infected (microscopic).

 

• Steer towards some class of behaviors? Avoid certain 
attractors.

What do we want to control?



Starting point:  Linear time invariant

B is a MxN matrix
• N nodes
• M control signals/driver nodes
• Columns are the unit vector of 

each driver nodeWe want to find ND the minimum 
number of driver nodes



Control of  Linear time invariant (LTI) systems



Structural control of LTI systems

C-T Lin, IEEE Trans on 
Automatic Control, 1974



Loops self-regulate:



Y.-Y, Liu, A.L. Barabasi, J.-J. Slotine
“Controllability of complex networks”
Nature 2011.

Structural control meets maximum matching

Cavity method from spin glasses 



Structural control meets maximum matching

Cavity method from spin glasses 

See details in Lec 10 slides,
starting on page 29



Insights from structural control:

• Role of degree distribution 
• Control energy 
• Exact controllability 
• Connection to core percolation 
• Control profiles: sources, sinks, 

dilations
• Control of multiplex LTI networks
• Target control  



Real-world:  Massive, non-linear systems

(Image Y.-Y. Liu)

• Possibly only partial knowledge

• Non-linear nodal dynamics

• Self-organization / far from equilibrium



Part II.  

Non-linear dynamics 
and “control of chaos”



Non-linear dynamics

• dx/dt = F(x,p),  where x is a 3D vector 

• An infinite number of unstable periodic orbits 
typically embedded in a chaotic attractor.

• Stabilize desired orbit by making only small time-
dependent perturbations of a system parameter, p 

Start from the dynamical equations of motion – complex dynamics, low dimensional



Controlling chaos (OGY theory, cont)

• Consider the trajectory of a three-
dimensional continuous time dynamical 
system:
• dx/dt = F(x,p)
• x is the three-dimensional vector
• p is the parameter that can vary 

between some range p* > p > -p*

• Consider a surface of section and measure 
every time the dynamical trajectory 
pierces the surface. 
• Accumulate a time series of data from 

the trajectories and approximate F(x,p)
• Linearize around a fixed point
• Linear state feedback law

(Image Y.-Y. Liu)



“Kicking control”
Exploit basins of attraction and natural phase-space trajectories

Non-linear dynamics – basin structure key

S P Cornelius, WL Kath, and AE Motter. “Realistic control of network dynamics”. 
Nature Communications, 4, 2013.

AE Motter. “Networkcontrology”. Chaos, 25, 2015.



S P Cornelius, WL Kath, and AE Motter. “Realistic control of 
network dynamics”. Nature Communications, 4, 2013.



Differential equations only work for low dimensional systems. 



Data driven model discovery

• System identification / network inference

• Discover effective equations of motion from time series data 

• Operator theory                    
(e.g. Koopman operators)

• Map a nonlinear dynamics to 
an infinite dimensional, linear 
dynamics

• Identify the key modes of 
interest

where 



*

Data driven model discovery for control

• Find a sparse (low dimensional) representation, e.g., using SINDy*

• Map out fixed points in the low-dimensional space and develop strategic 

interventions 

2019, Cambridge Univ. Press 



Design small interventions that enhance or delay the onset of 
phase transitions in a complex network.  

“Explosive percolation in random networks”, D Achlioptas, RM 
D’Souza, J Spencer, Science 323 (5920), 1453-1455, 2009. 

Control of phase transitions 



• Tradeoffs and timescales!
• Ignite cascades, no large cascades but also no profit
• Suppress cascades, no failure for a long time, but massive when happens

Control of SOC



III. Social Systems



Social networks and control interventions

• Cascades



• Simple contagion versus complex contagion?

• Role of influence and attention? (cusp catastrophes) 

• Perhaps people cannot be described by simple equations?

Basic question: What mechanism drives opinion dynamics?

• Diminishing returns vs threshold models? 

Many competing hypothesis!













Opportunities

• Increase network complexity – hypergraphs and multiplex networks

• Driven, far-from-equilibrium models in statistical physics (SOC, KPZ, 
ASEP)

• Activity driven temporal networks 

• ML/AI and data driven model discovery 

• Tradeoffs and timescales

• Hybrid treatments (continuous parts/discrete parts; continuafication…)

• Identify a set of paradigmatic problems or benchmark case studies that 
could be used to validate and contrast different approaches to control 
complex systems

Feedback into physics;  statistical treatments in control 



Commonalities
Control of complex networks across genres

What to influence and how to influence 
and when to influence?



Commonalities

• Do we want to control the global behavior 
or behavior of every single node? 

e.g.  Large-scale connectivity in a 
network vs eliminating smoking in 
a particular individual 



Commonalities

• What is the minimal amount of 
knowledge of the system we need in 

order to control it?



Learn more: 

(Back to Lecture 10, page 96) 



Conclusions

➢ Emergent interactions:
• Decoupled states – nodal dynamics & network structure
• BTW meets Kuramoto – sandpile cascades on oscillator networks 
• SOC and Dragon kings – self-amplifying cascades 

➢ Controlling complex networks:

• Structural control (linear nodal dynamics)
• Non-linear dynamics and basin structure 
• Data driven model prediction 
• Control of phase transitions and SOC

Modern systems are made of interconnected complex systems:                 
Socio-technical, cyber-physical, eco-social. 

Can’t necessarily reduce to a set of interconnected differential equations.



Thank you!

Guram Mikaberidze Anastasiya Salova Jeff Emenheiser

Yang-Yu LiuMario di Bernardo

Matt Matheny

Micheal Roukes
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